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ON THE QUOTIENT OF MILNOR AND TJURINA NUMBERS FOR
TWO-DIMENSIONAL ISOLATED HYPERSURFACE SINGULARITIES
PATRICIO ALMIRO´N
Abstract. We improve the known upper bound for the quotient of the Milnor number
and Tjurina number for some families of isolated complete intersection surface singu-
larities and we conjecture that this bound would be valid for any isolated hypersurface
singularity of dimension two. As a consequence, we give a positive answer to a question
of Dimca and Greuel about this quotient in the case of plane curve singularities.
1. Introduction
Let (X, 0) ∈ (C3, 0) be an isolated surface singularity defined by an equation f ∈ OC3,0.
For such singularities there are three important invariants of X : the Milnor number µ,
the geometric genus pg, and the Tjurina number τ. The Milnor and Tjurina number can
be expressed as:
µ = dimC
C{x, y, z}
(∂f
∂x
, ∂f
∂y
, ∂f
∂z
)
, τ = dimC
C{x, y, z}
(f, ∂f
∂x
, ∂f
∂y
, ∂f
∂z
)
.
If X˜ → X is a resolution of singularities of X, the classical definition of the geometric
genus is pg := dimCH
1(X˜,OX˜). Both, Tjurina number and the geometric genus, are
analytic invariants of the singularity which for some families become topological (see [1],
[6], [14], [15], [22], [23]).
In this paper, we are going to study optimal upper bounds for the quotient µ/τ. This
is in fact equivalence to finding optimal lower bounds for the Tjurina number in terms of
the Milnor number. In [27], Wahl gives a lower bound for the Tjurina number in terms of
the Milnor number and the geometric genus (Theorem 4). This result brings to the scene
an old standing and widely studied conjecture given by Durfee in [4] about an upper
bound for the geometric genus in terms of the Milnor number. From this, we use the
known results about Durfee’s conjecture to give the following results: we use suspensions
of curves to give a positive answer (Theorem 6) to a question posed by Dimca and Greuel
(Question 1) about the quotient µ/τ for plane curve singularities, we show that this bound
is not valid for general surface singularities and we give an optimal bound for this quotient
for some families of surface singularities (Proposition 1).
Theorem 6 also constitutes a conceptual proof of Dimca and Greuel question: first,
we notice that µ/τ is equal for a plane curve singularity with equation f(x, y) than
for the normal two-dimensional double point singularity f(x, y) + z2. Moreover, any
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2 P. ALMIRO´N
normal two-dimensional double point singularity Σ can be written locally in the form
{f(x, y) + z2 = 0}, where f defines a germ of plane curve singularity with multiplicity
at least two at (0, 0). In [12], Laufer shows that if {f1(x, y) = 0} and {f2(x, y) = 0} de-
fine equisingular plane curve singularities then the corresponding normal two-dimensional
double point singularities Σ1,Σ2 have homeomorphic canonical resolutions (see Corollary
3.2 in [12]). Moreover, one can obtain the canonical resolution of Σ from the resolution of
singularities of the plane curve. In this way, equisingular classification of isolated plane
curve singularities corresponds to the topological classification of the canonical resolu-
tions of the corresponding normal two-dimensional double point singularities. However,
one can have non-equisingular plane curve singularities whose corresponding normal two-
dimensional double point singularities are topologically equivalent (see section 5 of [12]).
For a normal two-dimensional double point singularity Σ, Tomari [25] obtains a formula
for the geometric genus in terms of the canonical resolution of Σ. From this formula
Tomari proves that 8pg < µ. Moreover, Tomari’s proof of the inequality 8pg < µ strongly
depends on the canonical resolution of Σ. Now, we can use a result given by Wahl in
[27] (Theorem 4) which gets a lower bound for the Tjurina number of Σ in terms of the
Milnor number and the geometric genus. All this together, give us the upper bound 4/3
conjectured by Dimca and Greuel for the quotient µ/τ for plane curve singularities. This
reflects that the experimentally conjetured bound 4/3 by Dimca and Greuel is given by
the the geometric properties of the normal two-dimensional double point singularity which
constitute a surprising fact.
We finish the paper with a conjecture about the quotient µ/τ for any complex isolated
hypersurface singularity of dimension two which improve the knowing bounds given by
Liu in [16].
Acknowledgments. The author would like to thank Maria Alberich-Carramin˜ana
and Alejandro Melle-Herna´ndez for their constant support and the helpful comments and
suggestions.
2. The Tjurina number of a hypersurface singularity
Let (X, 0) ∈ (Cn, 0) be an isolated hypersurface singularity defined by an equation
f ∈ OCn,0. The Tjurina algebra is defined as
Tf :=
C{x1, . . . , xn}
(f, ∂f
∂x1
, . . . , ∂f
∂xn
)
,
we call Tjurina number of X to the dimension as complex vector space of the Tjurina
algebra τ := dimC Tf . This number is known to be finite for any isolated singularity [8].
From those algebras the classical Theorem of Mather and Yau[18] classify the analytic
equivalence of singularities. This fact is due to:
Theorem 1 (Theorem 2.26 in [8]). Let f, g ∈m ⊂ C{x1, . . . , xn}. Then the hypersurface
isolated singularities defined by f and g are analytically equivalence if and only if their
Tjurina algebras are isomorphic as C–algebras.
On the other hand, the Tjurina number also appears in the context of deformations of
hypersurface singularities. Let us recall the definition of miniversal deformation:
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Definition 1. Let (X, x) be an isolated singularity and let (X , x), (Y , y), (S, s), (T, t),
(T ′, t′) be complex analytic spaces. A deformation of (X, x) is a pair (i, ϕ) such that
(X, x)
i
−֒→ (X , x)
ϕ
−→ (S, s) where i is an embedding and ϕ is a flat morphism. We call
(S, s) the base space of the deformation.
The deformation (i, ϕ) is called versal if for any other deformation (j, φ) and a closed
embedding (T ′, t′)
k
−→ (T, t) there exists a commutative diagram:
(X, x)
k∗j
yytt
tt
tt
tt
t
j

i
$$■
■■
■■
■■
■■
k∗(Y , y)
k∗φ

// (Y , y)
φ

// (X , x)
ϕ

(T ′, t′)
ψ′
88
k
// (T, t)
ψ
// (S, s)
A versal deformation is called miniversal if the Zariski tangent map T (ψ) : T(T,t) → T(S,s)
is uniquely determined by (i, ϕ) and (j, φ).
For a detailed study and the basic definitions of singularities and their deformations
we refer to [8]. One key relation of Tjurina algebra and the theory of deformation is the
following:
Theorem 2 (Corollary 1.17 [8]). Let (X, 0) ⊂ (Cn, 0) be an isolated hypersurface singu-
larity defined by f ∈ OCn,0 and g1, . . . , gτ ∈ OCn,0 be a C–basis of the Tjurina algebra Tf .
If we set,
F (x, t) := f(x) +
τ∑
j=1
tjgj(x), (X , 0) := V (F ) ⊂ (C
n × Cτ , 0),
then (X, 0) →֒ (X , 0)
ϕ
−→ (Cτ , 0), with ϕ the second projection, is a miniversal deformation
of (X, 0).
Therefore, the Tjurina number is the dimension of the base space of the miniversal
deformation of an isolated singularity of codimension one.
For hypersurfaces, the computation of the minimal Tjurina number in a µ–constant
family is an old problem. In the case of plane curve singularities, it can be seen in Zariski’s
book [30] and the Appendix to it by Teissier that it is closely related to compute the
dimension of the generic component of the moduli space. As can be seen there, already for
the plane curve case it is very difficult to calculate the minimal Tjurina number. However,
there have been some attempts in the literature to give closed or recursive formulas for
it. For example, in 1988 Brianc¸on, Granger and Maisonobe give in [3] a recursive formula
for semiquasihomogeneous singularities; in 1990, for irreducible plane curve singularities
with semigroup 〈2p, 2q, 2pq + d〉 Luengo and Pfister [14] give a closed formula; in 1997,
Peraire [23] gives an algorithm to compute this number in term of the semigroup of values
of the singularity; finally in two recent preprints Alberich-Carramin˜ana, Blanco, Melle-
Herna´ndez and the author in [1] and independently Genzmer and Hernandes in [6] give a
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closed formula for the minimal Tjurina number of an irreducible plane curve singularity
in terms of the resolution invariants.
The closed formulae for irreducible plane curve singularities ([1],[6]) and the recursive
one for semiquasihomogeneous singularities [3] are based on an explicit computation of the
difference µ − τ . Moreover, the key point is that for irreducible plane curve singularities
one has formulae for the dimension of the generic component of the moduli space [7]
and for the dimension of the µ–constant stratum of a versal deformation in terms of the
invariants of the resolution [29].
The case of larger dimension is even more complicated. However, to give formulas
for the Tjurina number is also based on the idea of computing the difference µ − τ. For
isolated complete intersections of dimension n ≥ 2, in 1985 [17] Looijenga and Steenbrink
relate the Tjurina number with the mixed Hodge structure of the singularity:
Theorem 3 ([17]). If (X, x) is an isolated complete intersection singularity of dimension
n ≥ 2, then
µ− τ =
n−2∑
p=0
hp,0(X, x) + a1 + a2 + a3,
where hp,q(X, x) denotes the (p, q)–Hodge number of the mixed Hodge structure which
is naturally defined on the local cohomology group Hn(X,X − {x};C) and the numbers
a1, a2, a3 are nonnegative invariants of a resolution of (X, x).
Remark 1. For an isolated hypersurface singularity of dimension n ≥ 2 the usual definition
of the Milnor number is the n–th Betti number of a nonsingular nearby fibre. Also a
natural definition of the Tjurina number is as the dimension of the miniversal deformation.
In the case of surface singularities, in [26] Wahl gives a more general formula for Goren-
stein surface singularities. From this formula, in [27] Wahl gets a lower bound for the
Tjurina number. We formulate here Wahl’s estimate in our setting since it will be the
key result for our reasoning:
Theorem 4 (Corollary 2.9 [27]). For an isolated hypersurface singularity of dimension
two
τ ≥ µ− 2pg.
3. Durfee conjecture and absolute bounds for the quotient µ/τ
Let (X, 0) ∈ (C3, 0) be an isolated surface singularity defined by an equation f ∈ OC3,0.
The geometric genus is an important analytic invariant (see for example [24]) of the
singularity which in some cases can be expressed topologically as can be seen in [22]. In
the case of reduced plane curve singularities, the analogue to the geometric genus is the
δ–invariant which can be expressed in terms of the Milnor number, µ, and the number of
branches, r, of the singularity : δ = 1
2
(µ+ r− 1) (see Prop.3.35 [8]). For (X, 0), let ǫ > 0
be small enough and 0 < |δ| << ǫ; let Dǫ be the closed disk of radius ǫ and center 0 then
M := f−1(δ) ∩Dǫ is a real oriented four–manifold with boundary called the Milnor fibre
of the singularity. It is proven by Durfee in [4] that 2pg = σ0 + σ+, where (σ+, σ0, σ−) are
the Sylvester invariants of the symmetric intersection form in H2(M ;Z). In fact, Durfee’s
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result is given in a more general context for normal surface singularities which admits a
smoothing.
In [4] Durfee gives a conjecture which has been object of an extensive study: 6pg ≤ µ
for any isolated hypersurface of dimension two singularity. A detailed summary of the
developments of the conjecture is given in [9]. We repeat here the cases in which we are
interested: Tomari [25] proves a stronger inequality 8pg < µ for (X, 0) of multiplicity 2;
the inequality 6pg ≤ µ is proven for the following families of surface singularities: Ne´methi
[20],[21] for suspension type singularities {g(x, y) + zk = 0} and Melle-Herna´ndez [19] for
absolutely isolated singularities. However, for the isolated complete intersection non-
hypersurface case Kerner and Ne´methi show that this conjecture is no longer true [9].
They propose and they study a more general refined conjecture in a series of papers
[10],[11]:
Conjecture 1 ([10],[11]). Let (X, 0) ⊂ (CN , 0) be an isolated complete intersection sin-
gularity of dimension n and codimension r = N − n. Then,
(1) for n = 2 and r = 1 one has µ ≥ 6pg.
(2) for n = 2 and arbitrary r one has µ > 4pg.
(3) for n ≥ 3 and fixed r one has µ ≥ Cn,rpg where Cn,r is defined by
Cn,r :=
(
n + r − 1
n
)
(n+ r)!
{
n+ r
r
}
r!
Moreover, they show that this bounds are sharp.
As we have seen in the previous section, the dimension of a miniversal deformation
of an isolated hypersurface singularity, the Tjurina number, can be expressed in terms
of some invariants of the singularity. Moreover, Wahl’s Theorem 4 relates this invariant
with the geometric genus for surface singularities. In 2018, Liu [16] gives a bound for the
quotient µ/τ in terms of the embedding dimension of the hypersurface singularity:
Theorem 5 ([16]). Assume that f : (Cn, 0)→ (C, 0) is an analytic function germ at the
origin with only isolated singularity. Then,
µ
τ
≤ n
However, as he said this bound is far from beeing optimal (see example 1.4 in [16]).
In this section, we use Durfee’s conjecture to give a new bound for the quotient µ/τ for
some particular families of isolated complete intersection surface singularities of codimen-
sion one and we conjecture that this bound would be valid for any isolated hypersurface
singularity of dimension two. Moreover, we use the known results about this Durfee’s con-
jecture to give a positive answer to a question of Dimca and Greuel about the quotient
µ/τ for the case of plane curve singularities [5].
3.1. Plane curve singularities case. Motivated by Liu’s paper [16], Dimca and Greuel
[5] posed a question about the quotient µ/τ for plane curve singularities:
Question 1. Is it true that µ/τ < 4/3 for any isolated plane curve singularity?
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This topic has aroused much interest in 2019 with a series of preprints giving positive
answers to this question in some cases. For the case of irreducible plane curves it has
been solved in three different preprints in a short time: the first one is given by Alberich-
Carramin˜ana, Blanco, Melle-Herna´ndez and the author in [1], a few days later by Genzmer
and Hernandes in [6] and few weeks later by Wang in [28]. All this methods are based on
an explicit computation of the minimal Tjurina number in a µ–constant deformation in
terms of the resolution of the singularity of the plane curve curve singularity thanks to
the explicit formula given by Genzmer in [7] of the dimension of the generic component
of the moduli space. Until now, the only non-irreducible family for which this question
is known to be true is for semiquasihomogeneous singularities given by Blanco and the
author in [2]. Again this is done by using an explicit computation of the minimal Tjurina
number of the family in terms of the resolution invariants given by Brianc¸on, Granger
and Maisonobe in [3]. From a different point of view, Wang in [28] proves that for any
irreducible plane curve singularity 3µ− 4τ is a monotonic invariant which increases when
we perform a blowup and hence he deduce from here the bound 4/3. However, Wang’s
proof also need the explicit computation of the dimension of the generic component of
the moduli space given by Genzmer in [7].
Therefore, all the efforts to solve this question are directed to give explicit formulas for
the minimal Tjurina number or they need to use equivalence computations, as Wang’s
construction, but do not give an intrinsic reason of why Dimca and Greuel question is true
without computing more or less explicitly the minimal Tjurina number in the topological
class. Here we are going to change the point of view.
Theorem 6. For any plane curve singularity
µ
τ
<
4
3
Proof. Let ξ : f(x, y) = 0 be a germ of isolated plane curve singularity. Let us consider
the double point Σ : F (x, y, z) = f(x, y) + z2 = 0. If we consider the Tjurina ideal
(F, ∂F
∂x
, ∂F
∂y
, z) = (f, ∂f
∂x
, ∂f
∂y
, z) ∈ C{x, y, z} then it is obvious that the Tjurina number of
the double point τ(F ) is equal to the Tjurina number of the plane curve τ(f). Let pg
be the geometric genus of the double point Σ. From Tomari’s result [25] we know that
pg < µ/8. On the other hand Wahl’s theorem 4 give us the lower bound τ(F ) ≥ µ(F )−2pg.
Therefore,
µ(f)
τ(f)
=
µ(F )
τ(F )
<
µ(F )
µ(F )− 2pg
<
4
3
.

In this way, we can conclude that this bound for the quotient µ/τ is due to the very
rich properties of the geometric genus of the corresponding normal two-dimensional double
point singularity.
Corollary 1. Let (ξ, 0) ∈ (C2, 0) be a germ of plane curve singularity. Let φ : (X , 0)→
(S, s) be the miniversal deformation and ϕ : (Y , 0) → (T, t) the versal deformation with
T ∼= Cµ given by the Milnor algebra. Then, the difference of the dimension of the µ–
constant stratum of both deformations is less than µ/4.
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Proof. By Prop 1.14 in [8] a versal deformation and the miniversal deformation differs by a
smooth factor Cp. Now, the codimension of the µ–constant stratum in both deformations
is equal to µ−mod(f) where f(x, y) is a local equation of ξ and mod(f) is the modality
of the function with respect to the right equivalence which is known to be the dimension
of the µ–constant stratum in the µ–dimensional versal deformation. On the other hand if
we call q the dimension of the µ–constant stratum in the miniversal deformation we have
µ −mod(f) = τ − q. Therefore, µ − τ = mod(f)− q. Finally, from Theorem 6 we have
µ/τ < 4/3 which implies µ− τ < µ/4. 
3.2. The surface case. The goal of this section is to show that the bound 4/3 for the
quotient µ/τ is no longer true for surface singularities. However, we can give a new bound
better than the expected by Liu’s Theorem 5.
Definition 2. A surface singularity defined by the germ of function f : (C3, 0)→ (C, 0)
with f = fd + fd+1 + · · · (where fj is homogeneous of degree j) is called superisolated if
the projective plane curve C := {fd = 0} ⊂ P
2 is reduced with isolated singularities {pi}i
and these points are not situated on the projective curve {fd+1 = 0}.
Superisolated surface singularities were first introduced by Luengo in [13] to show that
the µ–constant stratum in the miniversal deformation space of an isolated surface singu-
larity, in general, is not smooth. Moreover, they are used to provide counterexamples to
some conjectures in singularity theory.
Example 1. Let us consider the superisolated surface singularity
f = x14 + y6z8 + z14 + x9z5 + (x+ y + z)15.
We can compute with SINGULAR that the Milnor number is µ = 2288 and the Tjurina
number is τ = 1660. Therefore, µ/τ > 4/3.
In this way, Theorem 6 is not true in general for surface singularities.
Example 2. Let us consider F (x, y, z) = xd+yd+zd+g(x, y, z) = 0 with deg(g) ≥ d+1.
Then Example 4.7 in [27] shows that τmin = (2d− 3)(d+ 1)(d− 1)/3. Then, it is easy to
see that asymptotically
µ
τmin
−−−→
d→∞
3
2
.
It is natural to ask whether this situation is general or not. Here again the cases when
Durfee’s conjecture is true and Wahl’s estimate give us the key:
Proposition 1. Let (X, 0) ⊂ (C3, 0) be an isolated surface singularity of one of the
following types:
1) absolutely isolated singularity,
2) suspension of the type {f(x, y) + zN = 0}.
Then
µ
τ
<
3
2
Proof. For absolutely isolated singularities Melle-He´rnandez in [19] proves 6pg < µ and
for suspensions oof the type {f(x, y) + zN = 0} Ne´methi in [20],[21] also proves 6pg < µ.
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Therefore by Theorem 4 we have
µ
τ
<
µ
µ− 2pg
<
3
2
.

Remark 2. Superisolated singularities is an special case of absolutely isolated singularities.
In fact, for superisolated singularities it is known that pg = d(d − 1)(d − 2)/6 (see [15])
so we have directly µ
τ
< 3
2
.
Since Durfee inequality is believed to be true for hypersurface singularities, the previous
discussion allows us to propose the following conjecture:
Conjecture 2. For any (X, 0) ⊂ (C3, 0) isolated surface singularity:
µ
τ
<
3
2
.
Proposition 2. Durfee’s conjecture implies Conjecture 2.
Proof. Assume Durfee’s conjecture is true, 6pg < µ. From Wahl’s Theorem 4, we have
µ− τ < 2pg < µ/3. Then µ/τ < 3/2. 
The converse should not be true. The reason is that from Conjecture 2 we get an upper
bound for the geometric genus bigger than the one of Durfee’s conjecture. However, we
expect that Conjecture 2 could play a role in the study of Durfee’s conjecture.
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